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Algorithms are presented for maximally efficient computation of the crystal-
lographic fast Fourier transform (FFT). The approach is applicable to all 230
space groups and allows reduction of both the computation time and the
memory usage by a factor equal to the number of symmetry operators. The
central idea is a recursive reduction of the problem to a series of transforms on
grids with no special points. The maximally efficient FFT for such grids has been
described in previous papers by the same authors. The interaction between the
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1. Introduction

So far, no algorithm has been found that provides efficient
computation of the Fourier transform in the presence of
crystallographic symmetry for most of the 230 symmetry
groups. Such algorithms should operate only on the asym-
metric unit and their speed should be similar to a P1 fast
Fourier transform (FFT) of the same amount of data. Ten
Eyck (1973) has presented a partial solution to this problem,
working for several space groups.

Subsequently, optimization of crystallographic FFT has
attracted lots of attention and has been the subject of more
than 20 publications. In particular, a general approach has
been proposed by Bricogne (1993), but without a prescription
of how to design algorithms for a large number of space
groups. All FFT implementations in today’s crystallographic
software are either based on Ten Eyck’s ideas (Brunger, 1988;
Pavelcik, 2002) or neglect the symmetry and perform the FFT
on the whole unit cell.

This paper is the final in a series of articles describing our
algorithms for evaluation of the crystallographic FFT. Up to
now, we have presented explicit schemes for one-step
symmetry reduction for 67 space groups in papers I and II
(Rowicka et al., 2002, 2003a). Then, in paper III (Rowicka et
al., 2003b), we extended this scheme by the 44 space groups
containing centering translations. In paper IV (Kudlicki et al.,
2004), we discussed the shapes of asymmetric units in the
reciprocal space. Here we present a generalized approach,
based on recursive decomposition of symmetry-invariant
computational grids. We show that the algorithms presented
are applicable to all of the remaining symmetry groups, thus
completing the theoretical foundation of maximally efficient
crystallographic FFT’s.

1 These authors have contributed equally.

grid size factorization and the symmetry operators and its influence on the
algorithm design are discussed.

Our goal is to compute the discrete Fourier transform of a
periodic function f defined on Z’. Such a function will have
the periodicity of the underlying crystal structure. The crystal
periodicity can be described by a 3 x 3 matrix with
integer entries, A, whose columns are the primitive
translation vectors. These vectors are linearly independent,
hence detA # 0. The crystal periodicity condition reads
f(x +t) = f(x), where xeZ and te AZ =
{veZ’: there exists y € Z’ such that v = Ay}. The equiva-
lence class of x (with respect to the equivalence relation of
having the same crystallographic coordinates) is defined by
x|y ={yeZ :y—x e AZ’).

To describe the periodicity conditions in a convenient way,
we shall consider the quotient space of Z® by AZ’ (paper II;
Bricogne, 1993): Z°/AZ’ = {[x], : x € Z’}. Instead of viewing
f as a periodic function, it can be considered as defined on the
set of the equivalence classes, Z’/AZ’. Let us introduce the
notation

I'=7/AZ’ and T©'*=7/A"7’, 1)

where AT denotes the transposition of matrix A. The space I'*
is a space dual to I'. Its elements are covectors, i.e. objects dual
to vectors (Rowicka et al., 2004). When there is no risk of
confusion, they will be called vectors. The scalar product of a
covector h € I'* and a vector x € I" will be denoted by h - x.
We shall use a shorthand notation e, (h, x) for the coefficient
(‘twiddle factor”)

e (h, x) = exp(—27ih - A 'x).

Let f be a complex-valued function on I'. The Fourier trans-
form of f, denoted by F, is defined for h € I'* by

F(h) = er ()ex (h, x).

Assume that A, and A, are matrices with integer entries, such
that

Acta Cryst. (2007). A63, 465—480

doi:10.1107/50108767307047411 465



research papers

A=AA,. )

Let us define X, = Z’/A,Z’ and X, = Z’/A,7Z’. Then every
element x € I' can be expressed uniquely as

X = X) + Agxy, (3)

where x, € X, and x; € X;. Analogously, we define
X; =7 /A7’ and X; = 7’ /AT Z’. Then, in the reciprocal
space, there is a similar unique representation for every
hel™

h=h, +A’h, 4)

where h, € Xj and h; € X}.

We will perform all the computations in the grid coordinate
system. It is defined by the matrix A, describing the grid I
[equation (1)], and by a translation vector b. Let x° and x
denote the coordinates of the same point in the crystal-
lographic and grid coordinate systems, respectively. The
transformation from the crystallographic to the grid coordi-
nates is then given by

x = Ax“ +b. (5)

The relationship between the symmetry operator in the crys-
tallographic coordinate system (Rg, t;) and in the grid coor-
dinate system (R,, t,) is

R, =R; and t, = (I—-Ryb + At (6)

where I is the identity matrix. Let G denote the quotient (or
factor) crystallographic space group (Bricogne, 1993; paper
II). The elements of G are the symmetry operators as listed in
International Tables for Crystallography (ITC) (Hahn, 1995).
The group operation in G is the ordinary composition of
symmetry operators. An element g € G acts on equivalence
classes [x], = x € [' = Z’/AZ’ (real space) by

S,(x) = Ryx + t. 7

symmetry-invariant
GP grid

Symmetry

symmetry-invariant
SP grid

symmetry-invariant
SP grid

Symmetry
GP grid

GP grid
Figure 1

Differences between the decomposition employed in papers I-III (top)
and in this paper (bottom). The number of SP and GP grids may vary.

The rotational part R, of the symmetry operator S, can be
elthe'r a proper '(det R, =1) or an improper (detR, = —.1)
rotation. The action (7) extends to the action S* on the Fourier
transforms in the reciprocal space:

S;F(h) = e, (h, t,)F(R]h). 8)

2. Recursive symmetry reduction

A starting point to any crystallographic FFT calculation is a
symmetry-invariant periodic grid. In the cases discussed in
papers I-III, we designed the maximally efficient crystal-
lographic FFT (Appendix A) by employing a set of mutually
disjoint symmetry-related periodic subgrids that sum up to the
starting grid (Fig. 1, top). A necessary condition for such a
decomposition to exist is that there are no symmetry-invariant
data points; all grid points are in general positions. We will call
such a grid a GP grid.

In this paper, we discuss efficient crystallographic FFT’s
when a GP grid does not exist.

A crucial observation on which this paper is based is that
every grid containing points in special positions (SP grid) can
be decomposed into a sum of disjoint periodic SP and GP
grids. Moreover, one can choose symmetry-invariant SP
subgrid(s) and symmetry-related GP subgrids (Fig. 1, bottom).
The algorithms for symmetry-related GP grids are described
in papers I-11I. The SP grid(s) can be decomposed again and
again until one-point grids are reached (Fig. 2). Points in
special positions are computationally inconvenient, because
they are different from points in general positions, and we are
forced to keep track of these differences during computations.

.

M

SP grid(s)

b

\\

)
\\

| SP grid(s) | | GP grids |

Figure 2

Recursive symmetry decomposition. Only the SP grids are decomposed
further (until single-point grids are reached). The number of subgrids at
every step depends on the symmetry operators and on the prime-factor
decomposition of the grid size.
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However, at the level of 1-point grids, the Fourier transform is
trivial and a special point does not pose a problem.

The recursive symmetry decomposition is the central point
of this paper and will be described in detail. This type of
decomposition was studied in the one-dimensional case by
Swarztrauber (1986) and mentioned in the discussion of the
effects of symmetry on the Cooley-Tukey decomposition by
Bricogne (1993).

3. Diagonal mirror symmetry

We begin presentation of recursive symmetry decomposition
with a simple case of the ‘diagonal mirror’ crystallographic
symmetry (symmetry operator y, x, z). We consider the two-
dimensional case because the symmetry in the third dimension
is trivial. Let us assume for a moment that the grid size is
divisible by two. Now the crystal periodicity can be described

by the matrix A:
2N 0
A= [ 0 2N :|’

where N is an integer and det A equals the number of grid
points in the two-dimensional unit cell. By (6), the diagonal
mirror symmetry description is the same in both the grid and
the crystallographic coordinates (b = —Jje, —1e,, where
e, e, are standard basis vectors of Z):

o2 2] o[l

Let us choose the matrices A, and A, describing the
decomposition of I' = Z*/AZ* given by (2), as:

20 N 0
A0_|:0 2] and A1_|:O N:|'
In other words, we decompose I into four subgrids, according
to the parity of the x and y coordinates, ie. the first grid
'y, = AyX; (colored red in Fig. 3) has both coordinates even

etc. We use the decomposition of x, given by (3), to introduce
four new functions:

Figure 3

Subgrid decomposition for the diagonal mirror symmetry. The data points
are located in the centers of the colored squares. There are two SP
subgrids red (I'y) and green and two GP ones (blue and yellow).

foo(x1) = f(Agx,)
fo(x) = f(Ax; +e)
Ju(x) = F(Ax; + ;)
fii(x) =F(Agx; + e +ey),
where x, € X, = Z*/A,Z’. Then, the Fourier transform F can

be expressed as a combination of transforms of the four
functions defined above:

F(h) =} f(x)ex(h, x)

)

= :Z;f(X)eA(h, x) + x;ﬂf(X +edes(h,x +e)
+ xezrj“ f(x+ey)e,(h, x + e,)
+ ; f(x+e +e)e (b, x+e +e,)
= Xgﬁ ;Oo(xl)eA] (h,x;) +e,(h, e)) xgn fro(xp)ey, (b, x,)
+ex(h, e) ngl fo(x)ey, (h, x))
+ep(h, e +e,) Xlg(l fu(xpey, (b, x;).

Let us now use the decomposition of h, given by (4). It
follows that

€a, (h,x)) = €a, (hy + AlTho’ X)) = €A, (hy, x)), (10)
because both h, and x, have integer components
eAl(AlThO’ x;) = ey, (hy, Asx,)
= exp(—2mih, - (A))'Ax;) = 1.

We will use this simple observation repeatedly later on. Let F,
denote the Fourier transform of the function f:

Foo(h) = 3 foo(x1)eA1(h1v x),

X €X]

where h, € Z?/A!7Z?. Analogously, let F,,, F,, and F;, denote
the Fourier transforms of the functions f, fi, and fi,
respectively. Then, by (10),

F(h) = Fyo(hy) + ex(h, €,)Fy(hy)
+ex(h, e;)Fy (hy) +ex(h, e + ) F(hy). (11)
Since f(x) = f(R,x) and R2 =1, it follows that
ea(h,e)Fo(h) = 3 f(x+e)e,(h,x+e)

xelly

> F(R,(x +e))ey(Ryh, R, (x +¢)))

xel

= ) fRx+e)es(Roh, (R,x +e,))

xely

= eA(RZ;lL ez)Fm(Rghl)-

Moreover,
ea(Rzh, ) = e, (h, Rye,) = e, (h, ¢)).
After substituting the thus derived relationship,
Fyo(hy) = F01(R0T1h1)» (12)
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into (11), we obtain

F(h) = Fyy(h,) + e, (h, e, + e,)F;(h))
+eu(h, e1)F01(R§h1) +en(h, e)Fy(hy).  (13)

The Fourier transform F of the entire unit cell can be
expressed by the three transforms F,, F;; and F;, [equation
(13)]. Thus the computation of the Fourier transform of the
initial number of points is reduced to the computation of three
Fourier transforms each of one quarter of all points. The
transform F; has no internal symmetry, therefore it will be
calculated directly. The two transforms F,, and F},; reveal
diagonal mirror symmetry, therefore they can be decomposed
again, by applying equation (13) with F,, or F,; substituted as
the new F.

If N is a power of 2, we can repeat this decomposition until
we reach one-point grids. The resulting asymmetric unit
consists of several regular subgrids of different sizes and has a
self-similar fractal-like shape (Fig. 4).

At the first step of the decomposition, one GP grid of N?
points is added to the asymmetric unit. In the next step, we add
one GP grid of N?/4 points for each of the two N2-point GP
grids and so on until the last step, when we add 3N 1-point
grids to the asymmetric unit. From these, N are GP and 2N are
SP grids (2N is the number of grid points along the diagonal).
Therefore, the size of the thus chosen asymmetric unit can be
computed as

N? NN AR 2N =2N?>+ N
+7+§++2n771+27 + = + N.

The total number of points in the unit cell is 4N2, so the
fraction of unit-cell points belonging to the asymmetric unit is
1+ 1/(4N) and converges to § for large N.

Let us now switch to the general case where the number of
data points is not necessarily divisible by two. Since the
number of grid points is always a square of an integer, each
factor in its prime-number decomposition appears twice.
Suppose now that the number of grid points is p>N?, where p is

(a) ()

Figure 4

A fractal-like asymmetric unit for the diagonal mirror symmetry consists
of several regular subgrids of different sizes. Left: 16 x 16 unit cell. Right:
32 x 32 unit cell. It contains two exact copies of the asymmetric unit for
the 16 x 16 unit cell and two slightly altered copies. The two exact copies
lie on the diagonal of the 32 x 32 unit cell.

a prime number. Then we decompose the grid ' into p?
subgrids according to the values of coordinates modulo p:

_|pN O _|p O _IN O
A_|: 0 pNi|’ A°_|:0 pi|’ Al_[O N |
For example, if p = 3, we divide the grid into nine subgrids.
Three of these subgrids (those with both coordinates equal
modulo 3) will be symmetry-invariant SP grids, and the other

six will form three pairs of symmetry-related GP grids. The
result we get is

F(h) = Fyy(hy) + e, (h, e)Fyo(h))

+§:i{amWera@0

q=0r=g+1
+e,(h, re; + qez)qu(RghO}o (14)

For a general prime factor p, we obtain p symmetry-invariant
SP subgrids (again, these will be the subgrids with both
coordinates equal modulo p) and p? — p subgrids of the GP
type, which will form p(p — 1)/2 pairs of symmetry-related GP
subgrids.

3.1. Diagonal glide planes

For the symmetry operator y + %, x +3 (ITC groups 100,
113, 125, 127, 129 and 138), the above reasoning is valid after
substitution of

F(h)) = e, (h, t)F(R]h,), (15)

N
o[V
in place of (12).

Similar small changes (and switching to the three-dimen-
sional space) are needed to treat glide planes related to the
symmetry operators y, x, z + 1 (ITC groups 103, 105, 112, 124,
131 and 133) and y + % , X+ %, 7+ % (ITC groups 104, 106, 114,
126, 128, 130, 135 and 137).

where

3.2. Combining diagonal mirror symmetry with body
centering (i.e. with the symmetry operator x + 1, y +1, z + })

To combine the diagonal mirror decomposition with
reduction of body centering, we assume the following form of
matrix A and vector b:

4N 0 0
A= 0 4N 0 and b=—1e —le,—1le,,
0 0 20

where N and Q are positive integers. The grid in the xy plane
is decomposed as in the diagonal mirror case. The resulting
GP grids are symmetry invariant for the operator
x+31,y+1,z+1 Therefore, we can reduce body centering
as in paper III and compute the Fourier transform on the
asymmetric part. We proceed with the diagonal mirror algor-
ithm computing the FFT at every step on GP grids after
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reducing their body centering. This is the case of the ITC
groups 107, 108, 121, 139 and 140.

If, instead of the diagonal mirror symmetry operator y, x, z
we are dealing with the operator y +1, x, z +3 (groups 109,
122 and 141) or y +1,x,z +1 (groups 110 and 142), every-
thing except the form of t, in (15) remains the same.

4. Trigonal groups

We start with the basic example of the p3 symmetry, then
proceed to p6 symmetry and also comment on groups such as
p3ml and rhombohedral centering.

4.1. p3 symmetry with special points

The p3 symmetry reduction with all points in general
positions was addressed in paper 1. However, as we shall see,
in some cases it is necessary to reduce the p3 symmetry in the
presence of special points. Then we will use a recursive
algorithm similar to our solution for the diagonal mirror
symmetry. Let assume that

M 0
ik
and that M is a positive integer. The algorithm presented

works for any positive integer value of M, however we shall
start with an example of even M. In this case, M = 2N and

20 N 0
A0=|:0 2] and A1:|:O N]’

where N is a positive integer (Fig. 5).

Note that this decomposition gives one SP subgrid and
three GP subgrids. The SP subgrid is invariant under the
action of the p3 group and the three GP subgrids are trans-
formed into each other. Therefore, it is sufficient to keep one
of these GP grids in the asymmetric unit.

VV VYV V,VY
N VVVVVVVX

Figure 5

Subgrid decomposition for the p3 symmetry for even numbers of points
along x and y axes. All grid points lie in the centers of colored triangles.
The SP grid is yellow, the GP grids are red, blue and green. The SP grid
retains the p3 symmetry.

In the general case, we shall use a prime factor of M, p. We
define N by M = pN and perform the following decomposi-
tion:

pN O p 0 N 0

S I I VI AR ]

For example, if p = 3, then
30

=[5 3]
i.e. we divide the grid into nine subgrids. Three of these grids
have points on axes and six do not. Until now, the decom-
position has been the same as for diagonal mirror symmetry.
However, in the case of the p3 symmetry, the relationship
between these six GP subgrids are different. Specifically, there
are two triples of symmetry-related GP grids (Fig. 6). There-
fore, to know the Fourier transform of the whole grid it is
sufficient to compute it on the three SP subgrids and two
properly chosen (out of six) GP grids.

If p =5, this decomposition yields 1 SP subgrid and 24 GP
subgrids, from which we properly choose 8. Let us now
consider the case of a general prime number p. For simplicity,
since the case of p =3 was discussed above, suppose that
p # 3. Observe that we will have only one (up to primitive
translations) special point in every unit cell (three for the case
of p = 3). Therefore, it is evidently possible to decompose the
original SP grid into p? subgrids in such a way that only one
resulting subgrid is a SP subgrid (there will be three SP
subgrids for p = 3). Thus, we will get p?> — 1 symmetry-related
GP subgrids. One of the three consecutive integers is always
divisible by three. In our case of consecutive integers, p — 1, p,
p + 1, the one divisible by three must be either p — 1 or p 41
because p is assumed to be prime and not equal to three.
Therefore, p> — 1 = (p — 1)(p + 1) will be always divisible by
three. Consequently, the p? — 1 GP grids are arranged into
(p? — 1)/3 triples of GP grids related by the p3 symmetry. It is
sufficient to compute the FFT on one representative of every
symmetry-related triple of GP grids.

X VYVVVVYVYX
U VVVVVY VYV X

Figure 6

Subgrid decomposition for the p3 symmetry when the number of points
along x and y axes is odd and divisible by 3. Note that all SP grids (yellow,
light pink and dark blue) are p3 symmetry invariant. Moreover, there are
two triples, (green, turquoise, grey) and (orange, red, brown), of
symmetry-related GP grids.
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Now we come back to the case of even N and describe it in
more detail. Let

2N 0 0
A_|:0 2Ni| and b_|:0:|
and let us choose

2 0 N 0
A0:|:0 2] and A1=|:0 Nj|.

Then,

I =7°/AZ* and X, =7°/A7°.

Let o denote the symmetry operator y, x — y, which encodes
the 120° counterclockwise rotation. Then, the symmetry
operators « and o are described in the grid coordinates by

matrices
0 -1 -1 1
Ro[_|:1 _1:| and RO[2—|:_1 0i|,

respectively. Let f be a function defined on I'. Exactly as in the
case of the diagonal mirror symmetry, we introduce four new
functions: fy, fio, fo: and fi;, given by (9). We can also derive
the decomposition formula, which has the same form as (11).
Since f(x) = f(R,x) and R2 =1, by (10), it follows that

Fio(hy) = Z f(x+e))ey(h, x)

xel,

= Z f(Ra(x + el))eA(RZ;zh’ Rax)

xely

= Z F(Rx + ez)eA(Rgzhv R, x)

xel

= Z fOl(Rax)eA(Rgzh’ R,x)

xelly

= 01(R§2h1)-

Therefore, in this case the symmetry of the Fourier transform
is given by
Fiy(hy) = F01(R§2h1)v hence F(h,) = F10(R§h1)- (16)

Note that the above expressions are different from (12).
Analogously, we obtain the formula relating F}; to F:

Fy(h) =} f(x+e +e)e,(h, x)

xel,

= Zr f(R,(x + e, +€,))es(RL, R, x)
xel,

= Z F(Rx —2e)) + 91)€A(R§zh, R, x —2e))
xely

x e5(RLh, 2e,)
= ex(Rgh, 2¢))F;(Rhy).

Since e, (RLh, 2e,) = e, (h, —2e, — 2e,), it follows that
Fiy(hy) = es(h, —2e; — 2€,)F;p(R:hy). 17)

Therefore, after substituting (16) and (17) into formula (11)
and simplifying coefficients, we obtain

F(h) = Fyy(h,) + e, (h, e,)F5(h;) + e, (h, ez)Fm(RZhl)
+ex(h, —e; — ez)Fm(Ro?hl) (18)

The above formula shows that in order to compute the Fourier
transform F it is sufficient to compute the Fourier transform
F, on 1 of the data points and apply a similar (depending on
factorization of N) decomposition to compute the Fourier
transform Fy,.

Let us assume for a moment that N = 2". Then, in order to
reduce the symmetry further, the SP grid should be divided
into four subgrids again, and so on, as in the diagonal mirror
case. The asymmetric unit (on which we will compute the
Fourier transform) should consist of one GP grid from every
stage of decomposition plus all 1-point SP grids. Observe that
at the first step of the decomposition one GP grid of N? points
is added to the asymmetric unit. In the next step, we add one
GP grid of N?/4 points, and so on, until the last step, when we
add one 1-point GP grid to the asymmetric unit. Moreover, in
this last step, we also add the only 1-point SP grid generated
during this decomposition. Therefore, the size of the thus
chosen asymmetric unit can be computed as follows (keeping
in mind the assumption that N> = 4"):

YRGS\ PO ek WL
4 4 T 4 3 3

In other words, the size of the asymmetric unit is the smallest
integer greater than 4N?/3, i.e. the smallest possible asym-
metric unit. If N is not a power of two, then we decompose our
grid consecutively according to the prime-factor decomposi-
tion of N analogously to the diagonal mirror case. The
difference is the relative number of SP and GP grids and
symmetry relations of the latter, as discussed above.

4.2. The p6 symmetry

The factor crystallographic group corresponding to the p3
symmetry is {e, o, &}, with the notation from the previous
subsection. This group is a subgroup of the factor crystal-
lographic group corresponding to the p6 symmetry. This
group, G, consists of the following elements:

G =le a, o B, ap, od*8),

where 8 denotes the 180° rotation operator X, y, z:

-1 0
= 0]

Let us assume that the p3 symmetry induced by the subgroup
{e, &, @} is reduced in the same way as in the previous section.
The B-invariance properties of the subgrids obtained during
reduction of the p3 symmetry depend on the form of the
matrices A and A,. Therefore, before we proceed to reducing
the residual twofold symmetry induced by f, we have to know
the form of these matrices. Let us assume that A, = 2I and
that the initial number of grid points was not divisible by three.
Then all subgrids obtained during p3 symmetry reduction are
invariant with respect to the 180° rotation. Therefore, we can
choose any of the GP grids with respect to the p3 symmetry
and reduce the symmetry induced by the 180° rotation.
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However, if A, = pI, where p is prime and different from two
or three,! then the only B-invariant subgrid will be the SP
subgrid on which f, is defined. Therefore, instead of decom-
posing any of these subgrids further, it will be sufficient to
identify pairs of GP subgrids that are related through a 180°
rotation, and keep only one representative of each pair in the
asymmetric unit. (Note that grids in these pairs are not related
by a 120° rotation.) Namely, instead of (p?> — 1)/3 GP subgrids,
it is sufficient to add to the asymmetric unit at the first step
only (p?> —1)/6 of them, chosen in such a way that they are
related neither through p3 symmetry nor through a 180°
rotation. [Note that since p is prime then p?> — 1 is even if
p # 2. Moreover, as explained in the previous subsection,
p*—1=(p—1)(p+1) is divisible by three if p # 3. There-
fore, for p # 2 and p # 3, the expression p*> — 1 is divisible by
six and the number (p?> — 1)/6 is integer.]

Let us now focus on the case when A = 2NI and A, = 2L
Then the formulae (11) and (18) can be applied. Our starting
grid for the reduction of symmetry induced by B will be the
one on which the function fj, is defined [equation (9)], that is
the grid whose elements are of the form A x; + e;. We begin
reducing the twofold symmetry by checking whether there are
special points with respect to this symmetry. A necessary
condition for a point to be invariant with respect to the
symmetry operator in question is that

Ry(Agx; +e€;) = Ajx, +e,.
One can check that Rg; commutes with A,. It follows that
Ry(Agx, +€) = RgA(x; + Rge,
= AoRyx; — ¢
= AoRgx; —2¢ + ¢
= Ao(Rgx; —e;) +e,.

Therefore, the coordinates of the symmetry-invariant point
have to satisfy the condition

x; = Rgx; —ey.

Since the matrix describing our computational grid is now
A, = NI, it follows that the x and y coordinates should be
understood modulo N. Therefore, the solution of the above
invariance condition is either (x = (N —1)/2, y = N/2) or
(x = (N —1)/2, y = 0). Hence, since grid coordinates of data
points are integer, there are no fixed grid points, provided that
N is even. Let us assume for a moment that this is the case, i.e.
that N is divisible by 2. Then, we can define

1&0 = |:é (1):| and Al = [g ](37]
Note that
A =AA, and A=AAA,.
We will decompose x; again, according to (3):

! We excluded three from this example because for three the p3 symmetry
reduction is a special case.

X, = AX, + X,
where X, € X, = Zz/;&]Z2 and X, € X, = Zz/;&OZ2 =1{0,¢}.
Let us also define
Fioo®) = Fio(Ack)) = FAAR; + )
fro1(X1) = fro(AgX; + €) = F(A)(AX; +e) + ).
Let Fy, and Fj,; denote the Fourier transforms of the
functions fj,, and fj,;, respectively. Analogously to the
decomposition of x;, we have the following decomposition
of h;:
h, =h, + ATh,,
where h, € Z*/ATZ* and h, € Z?/Al7Z? = {0, e}}. That is,

FlO,O(ﬁl) = Z froo(eg, (hy, X)).

X, €X;
Note that
Fio(hy) = fl()(xl)eAl(hh X)

X, €X

= Z flO(AOil)eAl(hl’ Aoil)

X €X;

T ey, (hy,e) Z f10(1i0’~‘1 + ‘31)@15.1 (h,, A0’7‘1)

X eX;

=2 flo.o(il)eAl(h1v X)

X €X)

+ey, (hy,€) > fm,l(f‘l)e[sl (hy, x)).

% X,
Moreover, by (10),
Fio(hy) = F10.0(ﬁ1) + ey, (hy, el)FIO.l(iil)'
Since f(x) = f(Ryx) and
Rﬂ{AO(AOil +e)+e}= AOAORﬂil —3e;

= AOAORﬁil —4de, + e

= A)A (RX, —e)) + e,
it follows that

fl(),l(il) :fIO,O(Rﬂil —e)).

Hence,
FlO,l(fll) = Z f1o,o(R,3’~‘1 - el)e[\l (Rgflp Rﬂil —e)
% eX,
X eAl(R/zhp e)
= €3, (Rghl» el)Fl(),O(Rf];fll)'
Moreover,

e[sl(R;hp e) = e; (h, Rye)) = ej (hy, —ey)
and
eAl(hw e])eAl(hu —e;) = e, (hy, e1)eA1 (hy, _A()el)
= eAl(hla el)eAl(hla —2e))
= ey, (hy, —e).
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Consequently,
Fio(hy) = Fl(),()(fll) + eAl(hlv _el)Fm,o(Rng)

Therefore, taking into account equation (18), we see that it is
sufficient to compute Fy,, on § of the data points and Fy, on §
of the data points. To compute F,, we decompose our grid
again and again (reducing p3 symmetry first and the twofold
symmetry induced by f) according to the factorization of N
(Fig. 7).

Let us now go back to the point at which we obtained four
subgrids as a result of the p3 symmetry reduction described by
matrices A, =2I and A, = NI. Above we derived the
formulae for the case of N even. If N is odd and is divisible by
a prime number p such that p > 2, we would use the matrix

~ p 0

w=[0]
to describe the decomposition of our computational grid into
p subgrids. One can check that among these subgrids only the
subgrid Aoil +[(p —1)/2]e, is invariant under the 180°
rotation. Therefore, we have to compute the Fourier transform
on (p — 1)/2 grids with points in general position and on one
grid with points in special positions. This SP grid should be
decomposed again, this time along the y axis, to reduce the
twofold symmetry. This algorithm is applied to the ITC groups

168-173 and, after reducing z-mirror symmetry, to the groups
175-182.

4.3. Diagonal mirror —y, —x with no points on axes

The combination of the p3 symmetry and what we call here
the ‘diagonal mirror —y, —x’ occurs for example in the crys-
tallographic group P3ml. The algorithm for reducing p3
symmetry of a GP grid was described in detail in papers I and
II. Now we will use the same algorithm, we only pick a
different subgrid for further calculations. Specifically, as
opposed to the previous case, where the Fourier transform was
computed on a subgrid whose sum of coordinates was divisible
by three, now we choose a subgrid whose sum of coordinates
equals 2 modulo 3. Our motivation for a different choice is
that we need a subgrid invariant with respect to the symmetry
operator —y, —x. Unlike in the case of reducing p3 symmetry
of a SP grid (described in §4.1) now we use a different grid
coordinate system, given by

_ 1 0 _ 1|2
A_3N|:0 1i| and b= 3|:1j|.

Moreover, the matrices A, and A, are also changed:

A = |:3 g] and A, = |:](\), 1(\)1:|
As in §4.1, let us denote the 120 and 240° counterclockwise
rotations around the origin of the crystallographic
coordinate system by o and a?, respectively. Let B denote
the diagonal mirror operator y,x. Then the group
G = {e,a, &%, B, Ba, Ba?}. The symmetry operators are given
in the grid coordinates by

[0 —1 -1 2

R, = ] and ta=|: ]EH H (19)
1 -1 0 0] 1a,
[—1 1 -1 1

R, = ] and t, :[ ]E |:[ i|] (20)
-1 0 -1 0] 1a,
[0 -1 -1 1

b= ] e =[] e

Let us also define
fLim(x)) = f(Aox, + ne; + me,),
where x, € X, and n, m € {0, 1, 2}.
Let F,,, denote the Fourier transform of the function f,,,,

an(hl) = Z fnm(xl)eAl (h17 Xl)v

x;€X)

where h, € Z°/A[7Z*. Then

2 2
F(h)y=3_ > ex(h, ne, +me))F,,(hy).
n=0 m=0
With I'y defined as usual, Fy,, F,, and F}; are the Fourier
transforms defined on subsets of the above-mentioned grid
whose sum of coordinates equals 2 modulo 3. All other F,,,’s
are related to them by symmetry operators. Let us now define

Y,(h,) = e, (h, 2e,)F,(h,)
+e,(h, 2¢))Fy(h,) + ey (h, e, + e,)F;(h)).

Note that here Y, denotes the Fourier transform of the subgrid
S, Iy, rather than I'y, as in paper 1. The reason we prefer S,I',
over I'j is that the former is invariant under the action of the
symmetry operator 8. We need to have a subgrid invariant
under the action of 8 during this first decomposition because
we will use it as a starting grid for the diagonal mirror
decomposition in the second step. The subgrid I'; is depicted
in Fig. 8 by the blue triangles. The green triangles symbolize
elements of S,.(I"y), while the yellow ones belong to S, (I").

Now the Fourier transform F can be expressed in terms of
Y,:

F(h) = Y,(h,) + e, (h, ta)YZ(Rghl) +eu(h, taZ)Yz(R§2h1)~

Figure 7
Subgrid decomposition of the Ajx, 4 e, subgrid for the p6 symmetry in
the case the number of points along x and y axes is divisible by 2.
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We have to compute the Fourier transforms F,, F,, and Fj;.
They are defined on different parts of S,I'; and they all reveal
the diagonal mirror symmetry due to the form the symmetry
operator $ has in the grid coordinates (21). In order to reduce
this symmetry, if N is even, we apply formula (13), otherwise,
we use a formula appropriate for the prime divisor p of N. A
slight modification to the above formulae is needed since here
we deal with diagonal mirror y, X as opposed to y, x in §3. We
will describe this algorithm using the example of even N. In
this case, we introduce the new decomposition matrices 1&0
and Alz

~ 2 0 ~ N/2 0
AO_|:0 2] and A1_|: 0 N/2i|.
Then we perform another, finer, decomposition in the real
space:
X = Aof‘l + X,
where X, € {0, e, e,, e, + ¢,} and X, belongs to Zz/AlZZ. Let
fum ji denote the function f,,, restricted to the (i, j)th subgrid

(coming from the above decomposition) of the (n,m)th
subgrid. Keeping in mind observation (10), let us now define

(Foz.oo)(fh) = Z (foz,oo)(iﬂe[sl(ﬁp X))

X €X;

= Z_ fOZ(AOil)e,&l (hy, xy)

X X

= Z f(A()A()il +2e,)e;, (b, X, ),

X €X,
and analogously Fy, o, Fp, o, and F, ;. Then

Fpp(hy) = F02¢00(l~11) + eAl(hl’ el)F()Z,lO(ﬁl)
+ €q, (hy, ez)Foz,m(fll) + eAl(hh e + ez)Foz,n(fH)-
Observe that, for K = 2e;, K = ¢, + e, or K = 2e,, we have
Sﬂ(AOAOil +K) = AO(‘&O(S/Sil) +e +e)+ K. (22)

= f(x) and S} = I, we obtain

Hence, since f(Szx)

I VAVAVAVAVAVAN
VA\ ‘\VAVAVAVAVAVAVA

\AAALSA \VAVAVAVA

\WAVAVAVAVAV.VAVAVAY
\VAVAVAVAVAV..VAVAVAY
VAVAVAVAVAVAVA\ ‘VA

Figure 8

Subgrid decomposition for p3 group, for N = 2. The data point locations
are symbolized by black dots. The subgrid S,I", consists of data points
located in yellow triangles.

Foz,oo(fll) = Z f(Sﬂ(AOAOil + 292))61&1 (fllv S%ziJ

% eX,
By standard algebra, one can check that
€a, (h,, Séfq) = €;, (h,, tg)ez, (R/Eﬁlv SpX,).
From the above and (22), it follows that

Y F(S5(AgAGK, +2e,))e; (hy, S3X))
X, €X;
=€, (f‘lv t,s) Z f(AO(AOSﬂil +e, +e,) +2e,)

X, €X,
x ex (Rihy, S4%,)
= €3}, (ﬁlvtﬁ) Z fOZ,I](Sﬂil)eA] (Rgfll, Sﬂil)

X, €X;
= €;}, (iil ) tB)FOZ,ll(Rgfll)'

Therefore, the two transforms of the subgrids are symmetry
related:

Foz.oo(fh) = eAl(f‘h tﬁ)Foz,n(R,vng)
Analogously, we derive the remaining symmetry relations
on,oo(fh) = eAl(ﬁlf tﬂ)FZO,ll(R/Y;ﬁl)
and
Fn,oodh) = €3, (flwtﬁ)Fn.n(Rng)-

Consequently, we can compute this partial Fourier transform
using the formula

X(h)) = €a, (fll? tﬂ)Xn(Rng) + en, (hy, e + ez)Xn(lNll)
+ eq, (hy, el)Xlo(iil) + ey, (hy, e2)X01(ﬁ1)9

where X = F,, F,, or F};. The partial Fourier transforms X,
and X, should be decomposed further.

This algorithm applies to the ITC groups 156, 158, 187, 188.

In this section, we have used the ‘no special points’ algor-
ithm for the p3 symmetry from paper I, therefore, we had to
assume that A = 3NI. To release this condition, we can always
use the conceptually more complicated p3 algorithm with
special points instead.

4.3.1. Reducing rhombohedral centering of the p3
symmetric SP grid. The algorithm for rhombohedral
centering was described in paper III. It can be combined with
the algorithm for p3 symmetry SP grid (ITC groups 148 and
155) in a manner similar to the p3 GP grid, which was
described in detail in paper III.

5. Cubic groups

All cubic groups contain symmetry operators whose rotational
parts are the same as those of the symmetry operators: X, y, z
and x,y,z. We will denote these operators by B and vy,
respectively. The subgroup generated by these operators is
G ={e, B,y, By}. We begin by reducing the symmetry
induced by these operators. Again, as in the other cases
described in paper II and in this paper, the choice of an
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algorithm depends most heavily on the rotational part of the
symmetry operator. Therefore, even if the actual generators of
a cubic group differ from S and y by a translational part, it will
incur only slight changes in our formulae, but the decom-
position will remain the same.

Let us start again with a typical case, in which the grid size is
divisible by 2. In the case of cubic groups, there is no dimen-
sion in which the symmetry operators act trivially, and the
problem must be approached in three dimensions. We choose

2N 0 0 1/2
A=| 0 2N O and b=-—|1/2
0 0 2N 1/2
and
2 00 N 0 0
Ay=[(0 2 0 and A /=0 N 0
0 0 2 0 0 N

It will soon be clear why we decompose the computational
grid into eight subgrids, although the symmetry subgroup in
question has only four elements. Let us also define

I=7/AZ’ and X, =7’/AZ’.

The symmetry operators 8 and y are described in grid coor-
dinates by

-1 0 1
R, = 0 -1 0 and tg=|1
| 0 0 1] | 0]
(-1 0 0 ] 17
R, = 0O 1 0 and t, = 0
| 0 0 -1 | | 1]
Moreover,
1 0 0] 0
Rﬁ}/ = 0 _1 0 and t/SV = 1
|0 0 1|

Let us use the decomposition of x, given by (3), to introduce
eight new functions:

Lo (X1) = f(AgX; + ne, + me, + le;),

where x; € X; and n,m,l e {0,1}. Here, as
I'y = AyX;. The grid I is colored red in Fig. 9.
Then, the Fourier transform F can be expressed as
F(h) = Fy(hy) + e (h, e, + e))Fyjo(hy)
+ea(h, e, +ey)F g (h) + ey (h, e, + e;)Fy, (h)
+ea(h, e)Fg(h;) + e (h, e,)Fy,(hy)
+ea(h, e;)Fyy (hy) + e, (h, e, + e, + ;) Fy;(hy).

in (24),

Analogously,

Fyyy(hy) = ey (hy, t)Fo (Rghy)
= ey (hy, t,)Fyo(Rh,)
= ex(hy, tﬂy)Floo(R,gth.

Hence,

F(h) = Fyy(hy) + ey (hy, tﬂ)eA(lL e + ez)Fooo(R;hQ

+ea(hy, ty)eA(h7 e + e3)F000(R;h1)
+ ey (hy, tﬁy)eA(h’ e, + e3)F000(R£Vh1)
+ ey (hy, tﬁy)eA(h’ el)Flll(nghl)
+ea(hy, ty)eA(hv ez)Fm(R;lh)
+ ey (hy, tﬁ)eA(lL ea)Fm(Rng)
+ es(h, e, + € + €3)Fyy (hy).

The symmetry will be reduced further if the space group

contains the inversion operator (x,y,z). The inversion
symmetry operator v is given in grid coordinates by

-1 0 0 1
R =] 0 -1 0 and t, = |1
0o 0 -1 1

Thus we arrive at the relationship between F,, and Fj;:
Fopo(hy) = ex (b, t,)F; (Ryhy). (23)

Alternatively, the Hermitian symmetry can be used in this step
if the input data are all real numbers (§7). We will proceed now
to reducing the P3 symmetry. All cubic groups contain
symmetry operators y,z,x and z,x,y (i.e. 120 and 240°
counterclockwise rotations around the main diagonal),
described in the grid coordinates by

Moreover,
T
Fopo(hy) = eA(hlatﬁ)FI]O(Rﬂh1)

_ T Figure 9

= ealh,, t}’)Flm (Ryhl) Subgrid decomposition for a cubic group for N = 2. The data points are

=e,(h,t 51/) FOll(R;yhl)' located in the centers of cubes. The asymmetric unit I is represented by

the eight red cubes.
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o

010 00 1
R,=|0 0 1| and Rpo=|1 0 0
100 010

and t, =t, = 0. To reduce the symmetry induced by these
operators, we will use the function f;,, from the previous stage
(if there is no inversion in the space group and Hermitian
symmetry is not present, both f,, and f;;; will be needed). So
far, we have reduced symmetry eight times and we have only
to compute the Fourier transform Fj,,. Assuming that N is
even, we can choose ;\0 =2I and Al =(N/2)I. Let us
decompose x,, according to rule (3), to introduce eight new
functions:

Jooo.nmi (%) = fooo(AgX; + ne; + me, + ley),
where X, € Z’;/[&lZ3 and n,m, [ € {0, 1}. This decomposition
is depicted in Fig. 10.
To avoid excessive subscripts, from now on we omit the first

subscript 000, that is F stands for Fy,. Then, the Fourier
transform F can be expressed as

F(hy) = Fooo(f‘l) +eq, (h;, e, + ez)Fno(ﬂ1)
+ ey, (hy, e + ea)Flm(f‘l) + ey, (hy, e, + e3)F011(ﬁ1)
+ ey, (hy, el)Floo(ﬁl) + ey, (hy, ez)Fom(f‘l)
T ey, (hy, es)F001(ﬁ1) +eq, (hy,e; +e,+ eS)Flll(ﬁl)'

Moreover,

FlOO(iil) = F001(R£l~11) = Fow(Rgzﬁl)-
Analogously,

FllO(iil) = F101(R§l~11) = Fon(Rgzﬁl)-

Hence, the final formula is

Figure 10
Subgrid decomposition for a cubic group for N = 2. The data points are
located in the centers of colored cubes.

F(h) = F()OO(iil) + eAl(hl’ e + eZ)FIIO(iil)
T ey, (hy, e, + e3)F110(R§zl~ll)
+ ey, (hy, e, + e3)F110(RZl~11)
+ ey, (hy, el)F001(R§f11) + ey, (hy, ez)Fom(Rng‘l)
+ ey, (hy, e3)F001(l~11) + ey, (hj,e; +e,+ e3)F111(l~‘1)-

This formula resembles the one for F(h) but note that now the
relationships between Fourier transforms of the subgrids are
different. Namely, this time one has to compute the Fourier
transforms Fy, and F;;, and decompose further F,, and F,;.
If N is a power of 2, then this next decomposition will be
exactly the same as above. If N has a different prime-factor
decomposition, then it is sufficient to slightly alter this scheme,
as with other described algorithms. For example, if prime
factor is 3, out of 27 Fourier transforms we compute only 8:
Fig0> Fr10> Fao0s Fo0s Fraps Fiips Fiag @and Fy)p, and we decompose
further Fy, F;; and Fyy,.

The formulae here were derived for ITC group 200, that is
Pm3. The ITC space groups 197, 201, 205, 207, 208, 212, 213
differ from 200 only in that their generating symmetry
operators have different translational parts, therefore there
has to be a change in the coefficients in the above formulae
reflecting it. For the space groups where there is no inversion,
e.g. ITC group 195 (P23), we will use Hermitian symmetry to
derive relationship between Fyy, and Fy;; (§7). If the Hermi-
tian symmetry is not present either, we have to compute both

Figure 11

Decomposition in the case of two consecutive recursive symmetry
decompositions with respect to different symmetry subgroups. In such a
case, a GP grid with respect to one symmetry can be a SP grid with respect
to the other. As such, it will be decomposed again but according to
different rules. SP and GP grids with respect to the symmetry applied first
are colored red and green, respectively. SP and GP grids with respect to
the other symmetry are colored blue and yellow. For simplicity, grids that
are GP grids with respect to both symmetries have been omitted.
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Fyo and Fj;; from the first stage. Reducing the internal
symmetry of F;; is exactly the same as that of F,.

For groups 215-230, we have to combine this algorithm with
diagonal mirror-symmetry reduction. To this end, observe that
both Fy, and F;;, (from the trigonal symmetry reduction
stage) preserve diagonal mirror symmetry, so they can be
decomposed further as in the diagonal mirror algorithm (§3).
Combining several recursive symmetry decompositions will be
discussed in the next section.

For some space groups, we have also to reduce centering.
The discussed algorithm can be combined with body centering
or with face centering according to the general rules, as
described in paper III.

6. Combining several recursive symmetry-reduction
algorithms

As we saw at the end of the previous section, for some groups
we have to combine several recursive symmetry decomposi-
tions. Such a combination is rather straightforward (Fig. 11).

Figure 12

Decomposition of the SP grid with respect to p3 symmetry. The number
of grid points is even, but not divisible by three. The blue subgrid is a GP
subgrid with respect to p3 symmetry but is a SP subgrid with respect to
both the y, x and y, x symmetry operators.

Figure 13
A p3 GP subgrid invariant with respect to both intersecting diagonal
mirrors. This subgrid is decomposed further.

6.1. Intersecting diagonal mirrors combined with p3
symmetry

The most complicated combination of symmetries arises
when intersecting diagonal mirrors are combined with the p3
symmetry. Such a combination of symmetries can be found in
ITC groups 183-186 and 191-194. Reducing this symmetry
requires three recursive decompositions with respect to
different sets of operators.

We first perform a decomposition with respect to the p3
symmetry and as a result we obtain four subgrids, three of
which are GP subgrids with respect to this symmetry, and the
fourth one is a SP subgrid. Since the three GP subgrids are
symmetry related, it is sufficient to consider one of them. We
choose the one that is invariant with respect to both y, x and
y, X diagonal mirror-symmetry operators (blue subgrid in
Fig. 12).

We will not discuss the SP grid with respect to the p3
symmetry, as it can be decomposed further according to the p3
recursive symmetry algorithm described earlier. Let us instead
focus on the GP subgrid that is invariant with respect to both
intersecting diagonal mirrors (see Fig. 13).

As before, we will perform a step-by-step reduction of the
symmetry of this subgrid. Let us start with reducing the
symmetry related to the diagonal mirror y, x. To this end, let us
decompose the GP grid obtained from the previous step,
which is a SP grid with respect to the diagonal mirror y, x
symmetry. For simplicity, we assume that the number of points
in this GP grid is even. We apply the usual diagonal mirror
decomposition (§3). Since the trigonal symmetry has already
been reduced, we draw the asymmetric unit as a square, which
we find more convenient for the purpose of illustrating the
diagonal mirror symmetry (Fig. 14). The red subgrid (0, 0) in
Fig. 14 is a symmetric image of the green subgrid (1, 1) in the
diagonal mirror y,x. On the other hand, the yellow subgrid
(0,1) is a symmetric image of the blue subgrid (1, 0) in the
diagonal mirror y, x. Therefore, it is sufficient to consider
further the red grid and the blue grid. The blue subgrid (1, 0)

Figure 14

Decomposition of the blue subgrids from Fig. 13 with respect to the
diagonal mirror y, x symmetry. The blue and yellow subgrids are GP, red
and green are SP with respect to the diagonal mirror y,x. However,
yellow and blue grids are SP, and the other two are GP with respect to the
other diagonal mirror symmetry. For clarity, the decomposition is
presented on a rectangular grid and there are more points than in Fig. 13.
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no longer reveals the y, x symmetry, but it still possesses the
y, x symmetry. Therefore, it can be decomposed again, as in
Fig. 15. At this point, the only remaining symmetry is induced
by the single diagonal mirror, and it is sufficient to apply the
algorithm described in §3.

Let us now go back to the red grid (0, 0) from Fig. 13. This
grid reveals the diagonal mirror y,x symmetry and will be
decomposed in a manner similar to the previous one (Fig. 16).
Thus the symmetry will eventually be reduced completely.

6.2. Similar algorithms

The algorithm for reducing the p3 symmetry on a SP grid
can be combined with reducing the z-mirror symmetry (paper
II), or with rhombohedral centering (paper I1I).

7. Hermitian symmetry

So far, we have discussed the complex-to-complex crystal-
lographic Fourier transform. To apply our algorithm to actual
crystallographic data, where electron density is represented by
real numbers, one needs to combine the crystallographic
symmetry reduction with Hermitian symmetry, which imposes
the following relation in the reciprocal space:

F(h) = F(~h).

Since the Hermitian-symmetry reduction is very similar to any
other symmetry-reduction step, it can be combined with the
others using the general rules described earlier in this paper.
Of course, since the crystallographic symmetry reduction
algorithm deals with complex numbers, the Hermitian
symmetry reduction should be applied first. In most cases, a
direction can be selected such that two real numbers neigh-
boring along this direction are ‘packed’ together into one
complex number, and the real and imaginary subgrids have
the same symmetry properties. Only in some cubic groups will
the first step be different (Table 2, Appendix B). In these
cases, the reduction of the fourfold orthorhombic symmetry
can be combined with the reduction of the Hermitian
symmetry into one simple step (denoted by H8 in Appendix

] [}
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Figure 15

Decomposition of the blue subgrids from Fig. 14. Blue and yellow
subgrids are invariant for diagonal mirror y, x symmetry, while the green
and red subgrids are symmetry related for this symmetry.

B). The Hermitian symmetry simplifies the problem in a very
similar way to the inversion. For example, for the case
discussed in §5, the Hermitian symmetry introduces the rela-
tionship

FOOO(hl) = F111(_h1)v

which allows for an efficient symmetry reduction (23). The
problem is thus reduced to solving rhombohedral symmetry.
In some space groups, the residual rhombohedral symmetry
will include additional centering. In such a case, one can start
with complex-to-complex symmetry reduction, as described in
Appendix B, and combine it with the Hermitian symmetry
reduction using general rules. Alternatively, one can combine
reducing Hermitian symmetry with reduction of orthorhombic
symmetry or centering, as sketched above.

Since our choice of the coordinate system in the real space,
and the symmetry reduction methods described above, ensure
that in real space there are no SP grids except for one-point
grids, the Hermitian symmetry reduction in the real space is
straightforward. In the reciprocal space, however, we have to
deal with issues that are not encountered with a classical
choice of coordinate system.

The FFT asymmetric units in the reciprocal space that are
compatible with our symmetry reduction methods have been
described in detail in paper IV. We have also presented there a
general algorithm that resulted in an optimal FFT asymmetric
unit in the reciprocal space for complex-to-complex data and
any grid sizes for all crystallographic groups, for which one-
step symmetry reduction is applicable (paper II). We have
shown that the shapes of FFT asymmetric units in the recip-
rocal space can be generated by careful management of
special points (systematic absences).

The Hermitian symmetry introduces one new class of
special points, namely ‘fixed phase’ points h, for which there
exists a g € G such that

—R"h],r =h,
g A

where [—Rgh]Ar denotes the equivalence class of a vector
—Rgh with respect to matrix A’ (paper IV), that is

]
;
A
~
|
mEn HE N
3
. jii O
.
4

Figure 16

Decomposition of the red subgrid from Fig. 14. Red and green subgrids
are symmetry invariant, while yellow and blue subgrids are symmetry
related for the diagonal mirror y, x.
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[h],r :={keZ :k—heA'Z).

Then, remembering that, for all elements g of the crystal-
lographic group G, S;F(h) = F(h) and from the general
formula

* . -1 T
Sy F(h) = exp(—2nth - A™"t,)F(R, h)

one can derive that, regardless of the real-space data, the
phase of F(h) is fixed:

arg(F(h)) = —sth - A_ltg.

The simplest case of fixed phase points are those with only real
or only imaginary parts. The number of fixed-phase points is
always even and they can be managed by packing in pairs,
choosing partners that are multiplied by similar coefficients
(twiddle factors) during Fourier transform (e.g. ones that
differ by m or m/2). This procedure naturally extends our
recipe for the FFT asymmetric unit (ASU) presented in paper
IV (Kudlicki et al, 2004), with the size of the FFT ASU
additionally reduced by half. Such an approach ensures a
completely optimal in-place crystallographic FFT.

8. Discussion

This paper completes the presentation of the theoretical
foundations of algorithms for fully efficient crystallographic
FFT. Now all the crystallographic symmetries have been
covered, as summarized in the tables in the present paper and
in papers II and III. The choice of appropriate FFT ASU in
reciprocal space is described in paper IV. In this paper, we
presented the recursive symmetry decomposition, which we
use to reduce the crystallographic symmetry when grid points
in special positions are present. The recursive symmetry
decomposition is more general than the decompositions
discussed previously. Since we no longer require that the grid
contains no special points, we can apply this algorithm to any
crystallographic group, not only to those included in Appendix
B. Also, one can construct a recursive algorithm for any
number of points along unit-cell edges, however, the calcula-
tions are both faster and simpler when these numbers are
products of small primes. We have drawn attention to these
two observations while discussing the p3 symmetry in §4.1.

The one-step algorithms described previously are used as
building blocks for the recursive ones, which could not exist
without them. This recursive decomposition should be thought
of as a method of reducing the general case to the ‘no special
points case’ applied several times. Moreover, the one-step
algorithms can work with simpler data structures and loop
organization, so they should be chosen whenever both alter-
natives are possible.

The recursive algorithms are more complicated than
algorithms presented before but they still can be built from
simple pieces. Unlike in one-step symmetry reduction, details
of these algorithms strongly depend on the prime-factor
decomposition of the number of grid points in the unit cell.

Our symmetric FFT is a generalization of the Cooley-Tukey
algorithm, and most implementation issues are characteristic
of non-crystallographic Cooley-Tukey routines. The recursive
algorithms presented here can be implemented as a series of
three-dimensional P1 FFT’s, supplied with symmetry-reduc-
tion steps. Since the computational complexity of the
symmetry reduction is O(N), the majority of calculations
performed are in the P1 FFT step. Moreover, both in the
symmetry reduction and in the P1 calculation, the memory
access patterns are regular, which makes them compatible
with efficient stride-based cache prefetching. The crystal-
lographic FFT will thus benefit from application of generic
highly optimized fast Fourier transform implementations.

APPENDIX A
The symmetry-reduction formula

The formula that allows the multi-dimensional Cooley-Tukey
factorization to be combined with crystallographic symmetry
was derived by Bricogne (1993) and, under weaker assump-
tions, in paper II. Such algorithms have to be group specific.
Let A be the matrix describing the periodic computational
grid. Then |det A| is the number of points in the unit cell.
Suppose that for the quotient crystallographic group G there
exist matrices A, and A, satisfying (2). Suppose also that these
matrices are such that the number of elements of G, denoted
by |G|, equals |det A, |:

|G| = |det A ].
Let I'y denote
T, = AX,. (24)

Let f be any function on I' that respects the crystallographic
symmetry, that is such that

fx) =£(5,x) (25)

forany x € I"and g € G.
We will require that the following assumptions are satisfied.
1. The grid I" can be expressed as a sum of |G| mutually
disjoint sets S, I'y, where g; € G, that is

S, TonS, I'y=10forg, #g

and
r=[Js,T, (26)
¢€G
Then,
[Tl = |G|l

2. For every g € G we have:

S,(Tp) =[t]r, ={xel:x=p+t, and yeTl}

3. Matrix A commutes with R, for every g € G:
AR, = R A.
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Table 1

Algorithms for recursive crystallographic symmetry reduction.

Columns 1 and 2: crystallographic group number and symbol; column 3:
number of elements; columns 4, 5 6, 7: algorithm types (for one-step symmetry
reduction algorithms and reducing centering see papers II and III,

Table 1 (continued)

respectively).
No. Name |G| Algorithm: steps
99 Pdmm 8 yX 2x2y
100 P4bm 8 yX 2x2y
101 P4,cm 8 yX 2x2y
102 P4,nm 8 yX 2x2y
103 Pd4cc 8 yx 2x2y
104 P4nc 8 yX 2x2y
105 P4, mc 8 yX 2x2y
106 P4,bc 8 yX 2x2y
107 I4mm 16 yX 2x2y ICent
108 I4cm 16 yX 2x2y ICent
109 I4,md 16 yX 2x2y ICent
110 I4;cd 16 yX 2x2y ICent
111 P2m 8 yX 2x2y
112 P42¢ 8 yX 2x2y
113 P2,m 8 yx 2x2y
114 P42;c 8 yX 2x2y
121 142m 16 yX 2x2y ICent
122 142d 16 yX 2x2y ICent
123 P4/mmm 16 yX 2x2y2z
124 P4/mcc 16 yX 2x2y2z
125 P4/nbm 16 yX 2x2y2z.
126 P4/nnc 16 yX 2x2y2z
127 P4/mbm 16 yX 2x2y2z
128 P4/mnc 16 yX 2x2y2z
129 P4/nmm 16 yX 2x2y2z
130 P4/ncc 16 yX 2x2y2z.
131 P4, /mmc 16 yX 2x2y2z
132 P4, /mcm 16 yX 2x2y2z
133 P4, /nbc 16 yX 2x2y27z
134 P4, /nnm 16 yx 2x2y2z
135 P4, /mbc 16 yX 2x2y2z
136 P4, /mnm 16 yX 2x2y2z.
137 P4, /nmc 16 yX 2x2y2z
138 P4, /ncm 16 yX 2x2y2z
139 14/mmm 32 yX 2x2y2z ICent
140 I4/mcem 32 yxX 2x2y2z ICent
141 14, /amd 32 yX 2x2y2z ICent
142 14 /acd 32 yX 2x2y2z ICent
147 P3 6  P3a 2z
148 R3 18 P3a 2z RCent
150 P321 6 P3a 2z
152 P3,21 6 P3a 2z
154 P3,21 6 P3a 2z
155 R32 18 P3a 2z RCent
156 P3ml 6 3(x+y) —y—x
157 P31m 6 P3a yX
158 P3cl 6 3(x+y) —y—X
159 P31c 6 P3a yX
160 R3m 18 3(x+y) —y—X RCent
161 R3c 18 3(x+y) —y—Xx RCent
162 P31m 12 P3a yX 2z
163 P3lc 12 P3a yX 2z
164 P3ml 12 P3a yX 2z
165 P3cl 12 P3a yx 2z
166 R3m 36 P3a —y—X 2z RCent
167 R3¢ 36 P3a —y—X 2z RCent
168 Po6 6 P6
169 Po, 6 P6
170 Po6; 6 P6
171 Po, 6 P6
172 P6, 6 P6
173 Po, 6 P6
175 P6/m 12 P6 2z
176 P6;/m 12 P6 2z
177 P622 12 P6 2z
178 P6,22 12 P6 2z

No. Name |G| Algorithm: steps

179 P6522 12 P6 2z

180 P6,22 12 P6 2z

181 P6,22 12 P6 2z

182 P6,22 12 P6 2z

183 P6mm 12 P3a yX —y—X

184 Pécc 12 P3a yX —y—X

185 P6scm 12 P3a yX —y—X

186 P6;mc 12 P3a yX —y—Xx

187 P6m?2 12 3(x+y) —y—X 2z

188 P6c2 12 3(x+y) —y—X 2z

189 P62m 12 P3a yX 2z

190 P62c 12 P3a yX 2z

191 P6/mmm 24 P3a yx —y—X 2z
192 P6/mcc 24 P3a yX —y—X 2z
193 P6;/mcm 24 P3a yX —y—X 2z
194 P65 /mmc 24 P3a yX —y—X 2z
195 P23 12 A8(2) P3c

196 F23 48 A8(2) P3c FCent

197 123 24 A8(1) P3c

198 P23 12 A8(2) P3c

199 12,3 24 A8(2) P3c ICent

200 Pm3 24 A8(1) P3c

201 Pn3 24 A8(1) P3c

202 Fm3 96 AS8(1) P3c FCent

203 Fd3 96 A8(1) P3c FCent

204 Im3 48 AS8(1) P3c ICent

205 Pa3 24 AS8(1) P3c

206 1a3 48 A8(1) P3c ICent

207 P432 24 AS8(1) P3c

208 P4,32 24 A8(1) P3c

209 F432 96 A8(1) P3c FCent

210 F4,32 96 AS8(1) P3c FCent

211 1432 48 A8(1) P3c ICent

212 P4;32 24 A8(1) P3c

213 P4,32 24 A8(1) P3c

214 14,32 48 A8(1) P3c ICent

215 P43m 24 A8(2) P3c yx

216 F43m 9  A8(2) P3c yx FCent
217 143m 48 A8(2) P3c yX ICent
218 P43n 24 A8(2) P3c yX

219 F43c 96 AS8(2) P3c yx FCent
220 143d 48 A8(2) P3c yX ICent
221 Pm3m 48 A8(1) P3c yX

222 Pn3n 48 AS8(1) P3c yx

223 Pm3n 48 A8(1) P3c yX

224 Pn3m 48 A8(1) P3c yX

225 Fm3m 192 A8(1) P3c yx FCent
226 Fm3c 192 A8(1) P3c yX FCent
227 Fd3m 192 AS8(1) P3c yX FCent
228 Fd3c 192 A8(1) P3c yX FCent
229 Im3m 96 A8(1) P3c yX ICent
230 la3d 96  A8(1) P3c yx ICent

Symbol explanation. 2x: regular subgrid consisting of every second point along the x axis.
2x2y: regular subgrid consisting of every second point along x and y axes. 2x2y2z: regular
subgrid consisting of every second point along x, y and z axes (paper II). yx, —y—x:
diagonal mirror. 3(x+y): subgrid of x + y divisible by 3 (reducing p3 symmetry of GP grid,
§4.3). ICent: body centering (paper III). FCent: all-face centering (paper III). P3a:
recursive trigonal with points on axes (reducing p3 symmetry of SP grid), §4.1. P3c: same,
axis along cube diagonal, §5. P6: recursive algorithm for hexagonal set-up (with data on
axes), §4.2. RCent: rhombohedral centering (paper III). A8(1), A8(2): same as 2x2y2z,
with further decomposition of 1 (with inversion) or 2 (if there is no inversion) out of 8
subgrids, §5.

Here, I'; plays the role of the asymmetric unit. Let us intro-
duce the symbol Y(h,) for the Fourier transform of the data in
the asymmetric unit T,

Y(h) = Z F@ea(hy, p).

vel
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Table 2
Algorithms for recursive crystallographic symmetry reduction specific to
Hermitian symmetry.

Columns as in Table 1.

No. Name |G| Algorithm: steps

195 P23 12 HS8 P3c

196 F23 48 H8 P3c FCent

198 P23 12 HS8 P3c

199 12,3 24 H8 P3c ICent

215 P43m 24 HS8 P3c yX

216 F43m 96 H8 P3c yx FCent
217 143m 48 HS8 P3c yX ICent
218 P43n 24 HS8 P3c yX

219 F43c 96 H8 P3c yX FCent
220 143d 48 HS8 P3c yX ICent

Symbols as in Table 1, H8 same as 2x2y2z, use the Hermitian relation to reduce the
orthorhombic symmetry (§7).

With this notation,
F(h) =Y e (Afhy, t)es(hy, t)Y(R] D).

geG
Let us introduce the notation

Z(h, t,) = ey(hy, t,)Y(R/h,).
Then,

F(h; + AlTho) = ZCeA(A{ho’ tg)Z(hl’ tg)' (27)
geG
The above formula shows how to compute the Fourier trans-
form of the unit cell using only P1 Fourier transform of the
asymmetric unit (Y). This way, one performs FFT on 1/|G]| of
the starting number of points. This is the maximal possible
reduction as one cannot use fewer points than there are in the
asymmetric unit. Such a symmetry reduction is possible for a
large number of space groups.

A reasoning similar to that in paper II, leading to the same
final formula (27), has been performed by Bricogne (1993).
However, he built it on a more restrictive assumption that A,
A and A, all commute with R, for every g € G. Such a strict
assumption is not necessary and, what is more important, it
cannot be satisfied for some of the most interesting cases (e.g.
the p3 symmetry, paper I).

APPENDIX B
Tables

The algorithms described in this paper (Tables 1 and 2)
depend on the prime-factor decomposition of the number of
points in the asymmetric unit. For every space group, there is a
family of similar algorithms rather than one algorithm, as was
the case in papers II and III. Therefore, a recursive-symmetry
decomposition symbol, such as yx should be understood as
follows: choose the right algorithm from the family of ‘diag-
onal mirror y, x’ algorithms, depending on the periodicity of
data. We no longer differentiate symbols for symmetry
operators that have the same rotational part, for example y, x
and y +1,x 41, we denote them both by yx. The notation is
explained in more detail in the table footnote. Each row starts
with the ITC number and name of the group, followed by the
number of symmetry operators (approximately equal to the
speed up achieved by using our algorithms). The last columns
contain a list of basic algorithms used (see table footnote for
symbol definitions).

The authors are grateful to Jan Zelinka for stimulating
discussions and to Marek Koenig for help with illustrations
and tables. The research was supported by NIH Grant No.
53163.
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